A Banach space that has a locally uniformly convex (LUC) norm whose dual is also LUC is shown to admit Cl -smooth partitions of unity. It is also established that there is a norm on a Hubert space with Lipschitz derivative that cannot be approximated uniformly on bounded sets by functions with uniformly continuous second derivative.
Introduction
The study of smooth partitions of unity in Banach spaces is of interest as it provides a tool for approximating continuous functions by smooth functions (see [1, 18] ). While the situation in separable spaces has long been settled [1] , in nonseparable spaces, smooth partitions of unity are also important because they are related to injections into Co(r). The majority of results showing the existence of smooth partitions of unity on nonseparable Banach spaces are obtained by constructing coordinatewise smooth embeddings into some cq(Y) and applying the fundamental result of Toruñczyk found in [18] . Usually such embeddings of X into co(r) are constructed with the help of a linear injection of X into Co(Y). In this direction, the combined efforts of [8] and [13] show that X admits Ck-smooth partitions of unity whenever X has a Ck-smooth bump function and X or X* is WCG. However, C1-smooth partitions of unity on X are obtained here by the purely geometric condition that X admits an equivalent LUC norm whose dual is also LUC. Such a space need not linearly inject into any Co(r) ; notwithstanding, from [18] and our result stated above, there is a coordinatewise smooth embedding of such a space into some Co(Y).
The C(K) spaces are of particular interest. In [2] Ciesielski and Pol constructed a C(K) space such that K^î = 0 while C(K) does not linearly inject into any cq(Y) . Only recently it was shown in [4] that C(K) admits C°°-smooth partitions of unity whenever K^ = 0. In fact, until [4] , it had been unknown whether the C(K) space of [2] admits C1-smooth partitions of unity. Using renormings of Deville [3] and Haydon and Rogers [12] , it is shown here that C(K) admits C1-smooth partitions of unity whenever AT((U|) = 0. In [10] Haydon constructed a C(K) space such that AT(cU|) is a singleton, which nevertheless admits no equivalent Gâteaux smooth nor strictly convex norm. It is presently unknown whether this fundamentally important space admits C1-smooth partitions of unity, although Haydon has recently shown [11] that there is a Fréchet smooth bump function on it.
The notation and terminology used here should be quite standard. A norm is LUC if \\x" -x\\ -* 0 whenever ||x"|| -> \\x\\ -1 and \\xn + x\\ -> 2. Further properties of LUC norms can be found in [5] . As usual, Ck-smoothness is always in the continuous Fréchet sense. We call a function Ck-smooth if it is Cfc-smooth on the whole space. A norm on X will be called Fréchet (Gâteaux differentiablé) if it is is Fréchet (Gâteaux) differentiable on X\{0}. A space is said to admit Ck-smooth partitions of unity if given any open cover there is a locally finite partition of unity consisting of Ck -smooth functions subordinate to this cover. The notation df(xo) -{A e X*: A(x) -A(jto) < f(x) -f(x0) for all x G X}, and for e > 0, dj(x0) = {A G X* : A(x) -Mxo) < f(x) -f(xo) + s for all x G X} will be used. We also use the symbols Sx = {x: |M| = 1}, Br(x0) = {x: \\x-x0\\<r}, Br = Br(0) , and Bx = Bx .
Smooth partitions of unity
The main result of this note is Theorem 2.1. (a) If X has an LUC norm whose dual is also LUC, then X admits Cx-smooth partitions of unity.
(b) If X has an LUC norm whose dual is strictly convex (SC), then X admits Gâteaux smooth partitions of unity.
Recall that from Asplund's averaging technique (see [5] ), it follows that if X has an LUC norm and X* has a dual LUC (respectively SC) norm, then X has an LUC norm whose dual norm is LUC (respectively SC). (c) If X* is weakly countably determined (WCD) (in particular when X* is asubspaceofa WCG space Y), then X admits Cx-smooth partitions of unity. Proof of Corollary 2.2. All three parts follow immediately from known renormings and Theorem 2.1(a). We briefly indicate where such renormings are found. From [3] and [12] and Asplund's averaging technique, it follows that C(K) has an LUC norm whose dual is LUC whenever K^ = 0 . This proves (b). The more general statement (a) follows because the above renorming of C(K) and transfer techniques as used in [3, 8, 9] show that X has an LUC norm whose dual is also LUC. One obtains (c) from the recent papers [6, 7] , which show that X has an LUC norm whose dual is LUC whenever X* is WCD. We remark that for X* a subspace of a WCG space the full generality of [6, 7] is not needed the results of [8, 9] suffice. Also, when X* is WCG, (c) is a special case of (a) with KM = 0. G The proof of Theorem 2.1 will be separated into several steps. The following License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use lemma is a natural generalization of a result of Smulyan [15] . We include its proof for the reader's convenience. Proof. We omit the proof of (a) implies (b) because it is not difficult and it is not used in this note.
(b) implies (a): Suppose / is not Fréchet differentiable at xo. Then there exists t" i 0, xn € Sx , and e > 0 such that
where A G df(x0).
Let A" G df(xo + t"xn). Since / is locally Lipschitzian, there exists S > 0 and M > 0 suchthat \f(x)-f(y)\ <M\\x-y\\ whenever x, y e Bg(x0). We may assume that t" < ô for all « . Thus ||A"|| < M for all « ; moreover,
Whence, for all « , An G dBnf(xo), where e" = 2Mt" } 0. However, Proof, (a) Let Xo £ C and A" G d£np(xo) for each «, where e" J. 0. Since \p(x)-p(y)\ < ||jc-y||, it follows that ||A"|| < 1 . Thus ÏÏm||A"|| < 1. On the other hand, choosing x" G C such that \\xo -x"\\-> p(xo) > 0, one has
Therefore, iim||A"|| > 1. In particular, ||A|| = 1 whenever A G dp(xo). Also, (A + A")/2 G dCnp(xo), for A, A" , and e" as chosen above. Now ||A"|| -> ||A|| = 1, ||(A + A")/2|| -» 1 and thus ||A-A"|| -» 0 because X* is LUC. By Lemma 2.3, p is Fréchet differentiable at xo . (b) Let Xo $ C and Ax, A2 G dp(xo). From the proof of (a) it follows that ||Ai|| = ||A2|| = ||(A! + A2)/2|| = 1. Since the dual norm on X* is SC, Ai -A2. Therefore p is Gâteaux differentiable at xo-□ Remark 2.5. (a) Observe that p(x, C) need not be Gâteaux differentiable if the norm on X is Fréchet differentiable. This follows, for example, because X = C[0, cox] admits a Fréchet differentiable norm while X* has no dual SC norm (see [17] ). Thus given any norm on I, I* has a two-dimensional subspace H on which its dual norm is not SC. Let L be a closed subspace of X such that (X/L)* = H. On finite-dimensional subspaces, a norm is Gâteaux if and only if its dual norm is SC. Therefore, given any norm on X, there is a two-dimensional quotient space X/L such that the quotient norm of X/L is not Gâteaux.
(b) For any nonempty set F , p2(x, F) is Fréchet differentiable at each point of F. In particular, p2(x, C) is C1-smooth whenever C is a closed and convex set and X* is LUC (because Fréchet differentiable convex functions are C1-smooth).
(c) Choosing C = {0}, we have the well-known fact that the norm on X is Fréchet differentiable if its dual norm is LUC. This fact is sometimes tacitly used in this note.
The next lemma uses ideas from Theorem 3. Because X is a metric space, X has a rr-locally finite base 'V = U^Li % where each ^ is locally finite and consists of bounded sets. By the above argument, for each Fef, choose a fixed sequence {Gvk}k c % such that y = Ur=i °v,k • Let &ntk = {Gvy. Fe%}. Certainly each &Htk is locally finite. Therefore 2/ -\Jn k 2?n <k c % is a a -locally finite base for X. (b) If, in Lemma 2.6, the dual norm is SC instead of LUC, then the function g constructed there is Gâteaux smooth by Lemma 2.4(b). Moreover, note that g is Fréchet differentiable on finite-dimensional subspaces of X (since distance functions and norms are convex). For p and gx in the proof of Proposition 2.7 (with gx constructed as g is in 2.6), gx o p is Gâteaux differentiable everywhere except the origin since for Xo and X\ fixed, p(xo + txx) e L for all t where L is the linear subspace generated by xo and xx . Hence Proposition 2.7 holds with SC replacing LUC in the dual norm and Gâteaux smoothness replacing C1-smoothness in the conclusion. To complete the proof of (b) one need only observe that C'-smooth functions can now be replaced by Gâteaux differentiable functions in the proof of (a). □ Remark 2.8. The full strength of the LUC norm on X was not used in the proof of Lemma 2.6 or elsewhere in the proof of Corollary 2.2. That is, only the strictly weaker condition that every point of Sx is strongly exposed was used. This observation yields a result which is, at least formally, better than Theorem 2.2.
Approximation in Hilbert spaces
The basic methods of §2 are used to show that if every norm on a Hilbert space X can be approximated uniformly on bounded sets by functions in C2(X) (the space of real-valued functions with uniformly continuous second derivative on J), then the same is true for every uniformly continuous function. In particular, using a proposition of [14] we obtain Proposition 3.1. There is a norm with Lipschitz derivative on a Hilbert space X that is not a uniform limit on Bx of functions in C2(X). Two lemmas will be used to prove Proposition 3.1. The first is analogous to Lemma 2.6. In the sequel a function / will be called even if f(x) = f(-x) for all x G X. 
